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Knot and Gauge Theory
Jing Zhou∗ and Jialun Ping†
Department of Physics, Nanjing Normal University, Nanjing, Jiangsu 210097, China
It has been argued based on electric-magnetic duality that the Jones polynomial of a knot in
three dimensions can be computed by counting the solutions of certain gauge theory equations in
four-dimension. And the Euler characteristic of Khovanov homology is the Jones polynomial which
corresponds to the partition function of twisted N = 4 super Yang-Mills theory. Moreover, Lee-Yang
type phase transition is found in the topological twisted super Yang-Mills theory.
PACS numbers: 11.25.Hf, 11.25.Mj, 11.15.Yc
I. INTRODUCTION
The Jones polynomial[1, 2] is a celebrated knot invari-
ant in the three-dimensional space, it is discovered by
Jones base on the work of von Neumann algebras. Actu-
ally, many generalizations of the Jones polynomial were
discovered after Jones’s work. And it has multiple rela-
tions to many aspects of mathematical physics, which in-
cluding representations of braid groups, two dimensional
conformal field theory, statistical mechanics and three-
dimensional Chern-Simons gauge theory[3–7].
Khovanov homology [8] is considered to be a topolog-
ical theory in four-dimension super Yang-Mills field the-
ory. In this theory, a knot is viewed as an object in
three dimensional space and the invariant associated to
a knot is a vector space instead of a number. The re-
lation between the Khovanov homology and the knot is
that the four-dimensional theory associated to Khovanov
homology, when compactified on a circle, reduces to the
three-dimensional theory that yields the Jones polyno-
mial.
Lee-Yang theory is also discussed in the work. Actu-
ally, Lee-Yang [9, 10] phase transition has gone beyond
the statistical physics. Maloney and Witten [11] shown
that the Hawking-Page transition [12] in AdS3 space is
Lee-Yang type, while the original Lee-Yang phase transi-
tion is only for two dimensional Ising model. This is an
important reason that we argue the Lee-Yang type phase
transition happens in the super Yang-Mills field theory.
Next, let us interpret the Lee-Yang phase transition in
the AdS3 space in more detail.
The Hawking-Page transition can be seen from Lee-
Yang condensation of zeros in the partition function for
k →∞. Actually, the partition function Z(τ) of three di-
mensional gravity is a modular function which computes
at fixed temperature Imτ and angular potential Reτ . In
the limit of infinite volume, these zeroes condense along
the phase boundaries. So, it gives rise to phase tran-
sition. The analog of the infinite volume limit for the
partition function Z(τ) is k → ∞ because as we know
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k = ℓ/16G implies that k directly proportional to the
AdS3 radius. In this case, the partition function Z(τ)
is not analytic which corresponding to the occurrence of
phase transition.
Our aim here, however, is to understand not phase
transition in AdS3 space but phase transition in super
Yang-Mills field theory. In the following work, we show
that it may shed light on this issue.
II. THE JONES POLYNOMIAL AND
TOPOLOGICAL TWISTED SUPER YANG-MILLS
THEORY
The Chern-Simons action for a gauge theory with
gauge group G and gauge field A on an oriented three-
manifold W can be write as [15, 16],
CS(A) =
k
4π
∫
W
Tr
(
dA ∧ A+
2
3
A ∧A ∧ A
)
. (1)
Here k is an integer for topological reasons. Then one can
find that CS(A) is gauge-invariant. Now, the Feynman
path integral is an integral over the infinite-dimensional
space of connections A. In fact, this is a basic construc-
tion in the quantum field theory. So, we can write as,∫
DA exp (iCS) . (2)
If making use of the loop of the connection A around K,
then we obtain a knot which it is an embedded oriented
loop K ⊂ M . If picking an irreducible representation R
of K, then one can associate an observable which is the
trace of Wilson loop operator,
W (K,R) = TrP exp
∫
K
A. (3)
Once one does this, one can we define a natural invariant
of the pair (W , K), So the partition function can write
as [14],
Z (M ;K) =
∫
DA exp (iCS)
r∏
i=1
W (Ki, R) . (4)
This is a topological invariant of the knot K in the three
manifold W , which depends only on G, R and K. Then,
2Witten made use of the topological invariance of the the-
ory to solve Chern-Simons topological theory on three
manifold W with collection of knots, which is a suitably
normalized Chern-Simons partition function,
〈W(K,R)〉 =
∫
DA exp (iCS)
∏r
i=1W (Ki, R)∫
DA exp (iCS)
(5)
equals to the Jones polynomial,
〈W(K,R)〉 = JK(q). (6)
In fact, this knot invariant of a simple Lie group G on
a three manifold W can be computed by counting so-
lutions of a certain system of elliptic partial differential
equations, with gauge group the dual group G, on the
four-manifold M4 = W × R+, where W is a three mani-
fold and R+ is the half line y ≥ 0. The equations are the
KW equations [13, 17].
(F − φ ∧ φ+ tdAφ)
+
= 0(
F − φ ∧ φ− t−1dAφ
)−
= 0
dA ⋆ φ = 0
(7)
Where F = dA+A∧A is the Yang-Mills field strength, ⋆
is the Hodge star operator, and t is a real parameter. In
fact, the the KW equations arise in twisted N = 4 super
Yang-Mills theory in four-dimension, known as geometric
Langlands duality [17]. And it can be used to describe the
Jones polynomial and similar invariants of knot. Or, in
other words, the quantum invariants of a knot in R3 can
be computed from a path integral of twisted N = 4 super
Yang-Mills theory in four-dimension, with the boundary
condition R3 × {0}.
In fact, the Jones polynomial can expand as an Euler
characteristic as a trace in which bosonic and fermionic
states cancel, in the invariantly defined cohomology H ,
which can write as [8],
Jk(q) = χ = TrH(−1)
F qP . (8)
On the other hand, the partition function of twisted N =
4 super Yang-Mills is Euler characteristic [18],
Ztwist = χ(W) (9)
with W is the space of solution of KW equation. So, the
Euler characteristic ofM4 = R
3×{0} is only contributed
by R3. Then we can write as,
Jk(q) = Ztwist
or, in other words, the partition function on the bound-
ary can expand as Jones polynomial. And this knot
invariant used to consider as a Laurent polynomial in
q = exp
(
2pii
k+2
)
.
III. LEE-YANG TYPE PHASE TRANSITION OF
SUPER YANG-MILLS THEORY
Topological field theory has been important for estab-
lishing symmetries and dualities in field theory and string
theory [19–21]. A generalization of electric-magnetic du-
ality to Yang-Mills theory, known as S-duality, acts natu-
rally on Vafa-Witten theory [18]. This duality, proposed
by Montonen and Olive [22], states that Yang-Mills the-
ory with gauge group G and complexified coupling con-
stant
τ =
θ
2π
+
4πi
g2
(10)
has a dual description as Yang-Mills theory, whose gauge
group is the Langlands dual group and with inverse cou-
pling constant −1/τ . Together with the periodicity of
the θ-angle, this generates the SL(2,Z) S-duality group,
Z
(
aτ + b
cτ + d
)
∼ Z(τ),
(
a b
c d
)
∈ SL(2,Z) (11)
The Vafa-Witten twist of N = 4 super symmetric Yang-
Mills theory with gauge group SU(N) contains a com-
muting BRST-like operator Q. For a suitable I, the
topologically twisted action of Vafa-Witten theory can
be expressed as a Q-exact term Q, I, plus a term multi-
plying the complexified coupling constant τ :
S twisted = {Q, I} − 2πiτ(n−∆), (12)
where n denotes the instanton number,
n =
1
8π2
∫
M
TrF ∧ F (13)
In fact, the partition function of the topological twisted
super Yang-Mills field theory depend only on τ and the
gauge group SU(N) chosen, which is a modular form [18,
23, 24],
ZSU(N)(−1/τ) = ±N
−1+b1−
b2
2
(
τ
i
)w
2 ZSU(N)/ZN (τ)
= ±N−χ/2
(
τ
i
)w
2 ZSU(N)/ZN (τ)
(14)
Where χ is Euler characteristics, w is the modular weight.
For any finite value of N , the partition function Z(τ)
is smooth as a function of τ , but for large N limit, as
N → ∞, the function becomes non-smooth [11]. Or, in
other words, the function is not a analytic function now.
The original idea of Lee and Yang is that although a sys-
tem in finite volume can have no phase transition, its
partition function, depending on the complexified ther-
modynamic variables, can have zeroes. Then, in the in-
finite volume limit, the zeroes become more numerous
and may become dense. Then, a true phase transition
can emerge. In our problem, the limit N →∞, is analo-
gous to a thermodynamic limit.
3Now, we can find that the partition function Z(τ)
is topological invariant(Euler characteristic). In math-
ematics, we can write,
χ =
d∑
i=1
(−1)i dimHi. (15)
If only considering field coefficients, then the cohomology
group Hi is a vector space. One should note that the
partition function Z(τ) equal to the Euler characteristic.
Then, in the large N limit, phase transition happens. Or
in other words, the partition function Z(τ) (Euler char-
acteristic) is not an analytic function. So the cohomology
group is not analytic too. And this argument may im-
portant in mathematics.
IV. SUMMARY
In summary, we introduce the Jones polynomial and
the topological twisted super Yang-Mills theory. In fact,
that the Jones polynomial of a knot, which is the Euler
characteristic of Khovanov homology, can be computed
by counting the solutions of certain gauge theory equa-
tions in four-dimension. Witten find that the Hawking-
Page phase transition in AdS3 space is Lee-Yang type.
Then we study the phase transition of the topological
twisted super Yang-Mills field theory. In fact, the par-
tition function is modular form, which is a holomorphic
function on the upper half plane with finite N . But in
the large N limit, the function is not analytic. Then, by
Lee-Yang theory, phase transition can happen.
The 1N expansion of the free energy of Chern-Simons
theory [25] takes the form F =
∑
g,h Cg,hN
hκ2g−2+h =∑
g,h Cg,hN
2−2gλ2g−2+h. However, in the large N limit,
it is possible to have phase transitions even in finite vol-
ume. Further evidence was found in that the Wilson lines
observable in the topological string theory gives the same
knot invariants [26]. Then it is natural to study phase
transition in the topological string theory.
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